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Abstract The system of a steel plate bolted to a Reinforced Concrete (RC) shear wall goes by the name
of a ‘Composite Steel Plate Shear Wall’ (CSPSW), which is used as the lateral resisting system in tall
buildings. In this system, the steel plate buckles under medium-strong earthquakes, which may lead
to instability. However, the buckling load of steel plates is usually a limited criterion for the design of
CSPSW. This paper reports a series of experiments onCSPSW. The experimentswere used to investigate the
buckling load of a steel plate bolted to one side of a high strength reinforced concrete panel. Furthermore,
theoreticalmodeling, based on energymethods,was used to obtain the elastic buckling coefficients of steel
plates with various aspect ratios under shear loading. The results were presented in graphical and tabular
forms showing good agreement of theoretical modeling with experimental results. The elastic buckling
coefficients can be used for determination of the number of bolts or the spacing between the bolts.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY license. 1. Introduction
For the past four decades, Steel Plate Shear Wall (SPSW)
systems have been used as lateral resisting systems in tall
buildings. To improve the behavior of SPSW, the low order
buckling of the steel plate must be prevented. It can be fulfilled
by increasing the thickness of the plate or using stiffeners at
one or both sides of SPSW, which are nevertheless expensive.
Also the welding of stiffeners to SPSW weakens the system by
introducing initial imperfections and residual stress.
In 1998, a Composite Steel Plate Shear Wall (CSPSW),
composed of a steel plate stiffened with a reinforced concrete
panel, was introduced. The steel plate is connected to the
reinforced concrete with bolts that play an important role in
preventing the buckling of the steel plate. In CSPSW, the steel
plate resists shear forces between the stories by yielding in
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Open access under CC BY license.shear, while in SPSW, the steel plate plays the same role in
the tension filled actions of a steel plate after buckling under
diagonal compression. Medium-strong earthquakes may cause
crack andbuckling to develop in concrete shearwalls and SPSW,
respectively. However, damage to CSPSW can be limited to the
shear yielding of the steel plates with almost no cracks in the
concrete wall [1].
The behavior study of CSPSW shows mainly a contact
problem between the steel plate and the concrete wall. Using
reinforced concrete at one side of the steel plate is easier and
less expensive from a construction point of view. However, if
a concrete wall is used at only one side of the steel plate, the
contact problem should be studied. In this case, the behavior of
CSPSW is influenced by the buckling of the steel plate.
The contact problem has been studied by many researchers.
Smith et al. [2] studied the elastic buckling of unilaterally
constrained rectangular plates in pure shear. They modeled
the behavior of steel plates on a rigid concrete foundation by
the Rayleigh–Ritz method to determine the effects of restraints
and aspect ratios on the elastic local buckling coefficients of
the plates. The Rayleigh–Ritz method has been proved to be
computationally efficient. Smith et al. [3,4] also, theoretically
and experimentally, studied the local buckling of side-plated
reinforced concrete beams under compression, bending and
shear. In this contact problem, the modeled concrete beams
were assumed to be rigid. The elastic local buckling coefficients
of the plate on the concrete beam were computed from the
interaction diagrams obtained by the Rayleigh–Ritz method.
They showed that the buckling model was in good agreement
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of plates in contact with a rigid medium, which could be
a concrete-filled steel section. The slenderness limits for the
steel section, where the plates are in contact with concrete,
were obtained by energy methods under compression. It has
been shown that the obtained b/t ratios are much higher than
those of plates that are not in contact with concrete. Kabir
and Seif [6] studied the analytical solution of lateral–torsional
buckling of a retrofitted I-beam using FRP sheets. The potential
energy concept and the Rayleigh–Ritz method were used for
model analysis. The results were good in agreement with FEM
solutions.
In addition to energy methods, other numerical methods,
such as finite element and finite strip, are used to solve the
buckling problem of plates. Liang et al. [7] studied the local
buckling of steel plates in concrete-filled, thin-walled, steel,
tubular beam–columns using the finite element modeling. The
local buckling reduces the strength andductility performance of
the members. The members were studied under compression
and in-plane bending, while geometric imperfection, residual
stress and material yielding were considered. They also
presented the design formulae for determining the critical local
buckling and ultimate strength of steel plates in concrete-filled
steel tubular beam–columns. Uy and Bradford [8] theoretically
and experimentally considered the local buckling of thin steel
plates in composite construction. They modeled composite
steel–concrete members in which local buckling occurred in
the steel plate under axial forces and bending moments. A
numerical model was solved by the finite strip method for
different examples, and diagrams of local buckling load vs. the
aspect ratio of the plate were obtained. The numerical results
obtained were in good agreement with experiments results.
Huang and Thambiratnam [9] investigated the plates resting on
elastic supports and elastic foundations using the finite strip
method. Effects of support stiffness on critical buckling stresses
were discussed.
Used for increasing the strength of structural elements, steel
plates buckle, even if they are connected to a concrete foun-
dation with bolts. Many researchers [1,2,4,10–12] have stud-
ied this kind of buckling problem considering bolt effects. Uy
et al. [10] considered the combined axial and flexural strength
of profiled composite walls under combined bending and com-
pression. The stability of profiled steel sheeting connected to
reinforced concrete by shear studs was significantly influenced
by local buckling. A numerical model, calibrated by experimen-
tal results that incorporated local buckling, was used for the
parametric study of various international profiles. Using finite
element modeling, Liang et al. [11] investigated the local and
post-local buckling of Double Skin Composite (DSC) panels,
which were steel plates, welded with stud shear connectors at
regular spacing and filled with concrete. DSC panels that are
used as shear walls may buckle locally between the stud shear
connectors under in-plane biaxial compression. Local buckling
coefficients of steel plates with various aspect ratios and under
biaxial loading and various boundary conditions were obtained
by incorporating the shear stiffness effect of the stud shear con-
nectors. Hedayati et al. [12] studied the buckling of plates that
were connected to concrete beams with bolts to strengthen
the beams, using the Rayleigh–Ritz method and the Lagrange
multipliers method. Elastic buckling coefficients, with different
aspect ratios of plates, were computed in numerical analysis
considering the bolt effects on boundaries and deformation
polynomials.
In the present study, the behavior of CSPSW was modeled
using the Rayleigh–Ritz method, while considering the localFigure 1: Rectangular plate with bolts.
buckling of the steel plate between the bolts connecting
the steel plate and the reinforced concrete. Polynomial
displacement functions model the unilateral buckling behavior
of the steel plate. The plates were fixed at the edges and
bolted to the concrete panels with different bolt spacing.
The reinforced concrete panel connected to the steel plate
was modeled as an elastic tensionless spring, considering
the stiffness of the elastic part. The weight of the concrete
panel, which was supported by the bolts, was considered.
The Rayleigh–Ritz method was employed for the modeling
of boundary conditions and displacements, because it is easy
to use and control the accuracy degree of the polynomials.
Furthermore, the penalty method, which is used as the solution
method, does not increase the degrees of freedom of the
problem, while adding a stiffness matrix to the problem. A
series of experiments on composite shear walls with different
bolts and shear loadswas conducted. The experimental findings
were compared with the corresponding theoretical results.
2. Rayleigh–Ritz method, geometric and stiffness matrices
The Rayleigh–Ritz method was used for unilateral elastic
buckling analysis in pure shear. This method, which is based
on the energy method, was first introduced by Timoshenko
and Gere in 1963 [13] for the elastic buckling of plates under
different loadings. Figure 1 shows a rectangular plate under
pure shear, Nxy. A steel plate in the state of out-of-plate
buckling has a deflection, w. The elastic strain energy (U)
and geometric strain energy (V ) are given by the following
equations, respectively:
U = D
2
∫∫ [
∂2w
∂x2
+ ∂
2w
∂y2
]2
− 2(1− ν)

∂2w
∂x2
∂2w
∂y2
−

∂2w
∂x∂y
2
dxdy, (1)
V = −Nxy
∫∫ [
∂2w
∂x∂y
]
dxdy, (2)
where D is the flexural rigidity of the plate:
D = Et
3
12(1− ν2) , (3)
where E, t and ν are the elastic modulus, thickness and
Poisson ratio of the steel plate, respectively. In theRayleigh–Ritz
method, a displacement function must be chosen for the
deflection, w. Polynomial functions that include kinematic and
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geometric boundary conditions were used to construct the
displacement function:
w(ξ, η) = φb(ξ , η)
n−
i=1
n−
j=1
αijfi(ξ)fj(η), (4)
where φb(ξ , η) defines fixed boundary conditions given by:
φb(ξ , η) = (1+ ξ)(1− ξ)(1+ η)(1− η). (5)
The connection between the steel plate and the surrounding
frame is regarded as the hinged connection.
αij is the polynomial coefficient and fi(ξ) and fj(η) are
defined, respectively, as follows:
f (ξ) = ≺ 1 ξ ξ 2 ξ 3 ξ 4 · · · ξ n ≻, (6)
f (η) = ≺ 1 η η2 η3 η4 · · · ηn ≻ . (7)
η and ξ are defined in non-dimensional coordinates as:
ξ = x
a
, η = y
b

, (8)
where a and b are dimensions of the steel plate and n is the
degree of polynomial.
3. Modeling of reinforced concrete foundation
The behavior of a concrete panel in contact with a steel plate
was represented by a force–displacement relationship, which is
dependent on the sign of the displacement. kfound is the stiffness
of the concrete foundation, the values of which are taken in
compression when the contact function is used. The value of
the contact function is 0when the steel plate separates from the
concrete panel, otherwise, the value is 1, as shown in Figure 2.
The steel platewasmeshed into grids, and at each grid point,
the stiffness of elastic springs was added to the equations. The
strain energy stored in the concrete panel after deflection was
defined as:
S =
− 1
2
Xkfound

w(xg , yg)
2
, (9)
where w(xg , yg) is the deformation of the springs at each grid;
(xg , yg) are the coordinates of the grade point and X is the
contact function which is non-zero if the steel plate buckles
towards the concrete panel. The displacement function at grid
points can be defined as:
w = [P][α], (10)
where [P] is the polynomials matrix and [α] is the coefficient
matrix of polynomials, which are the main unknowns of
the problem. By separating the Rayleigh–Ritz coefficients,
according to the accepted polynomials for the displacementTable 1: Elastic stiffness of RC panels.
Thickness of the RC panel
7 cm 10 cm 12 cm Large
thickness
RC 3 m× 3 m 7235 11253 57342 1.E+05
Panel 3 m× 4.5 m 4056 8946 31105 1.E+05
Dimensions 3 m× 6 m 2976 5093 16070 1.E+05
function, the foundation energy, i.e. the concrete panel is
rearranged as:
S = 1
2
[α]T
−
Xkfound[P]T [P]

[α]. (11)
The stiffness matrix of the foundation is then defined as:
[KS] =
−
Xkfound[P]T [P]. (12)
Smith et al. [2,3] considered a large stiffness for the RC panel in
pure and combined shear, and bending and axial forces (1E + 7
and 1E + 5, respectively). In the present research, FEM-based
analysis was used to obtain a more accurate stiffness of the RC
panel in contact with the steel plate. Table 1 shows the elastic
stiffness of the RC panel, Kfound, which is the slope of the linear
part of the force–displacement relationship. The properties of
the reinforced concrete were determined as:
ft = 0.6

f ′c (MPa), f
′
c = 65 MPa, ν = 0.2,
where f ′c , ft and ν are compression strength, tension strength
and Poisson ratio of the RC panel, respectively. The reinforce-
ment bar ratio was considered as 0.0025, according to the min-
imum reinforcement bar ratio in the ACI-318-08 [14], and the
yield stress of the reinforcement bar was taken as 400 MPa.
4. Energy due to the weight of the RC panel
Two CSPSWs were tested by Astaneh-Asl [1]. In the first,
the RC panel was not connected to the boundary elements
(beams and columns), but, in the second, it was connected. In
the present research, the first casewas considered, inwhich the
weight of the RC panel was supported by bolts that connected
the panel to the steel plate. The weight was applied to the bolts
as point loads in a vertical direction (y direction). The work was
done by point load:
W = 1
2
m−
i=1
nNy
∫ ib′
0

∂w
∂y
2
dy, (13)
where,m andn are thenumber of rows and columnsof the bolts,
respectively, Ny is the weight of the RC panel, equally shared by
all the bolts and b′ is the distance between the bolts in vertical
direction.
5. Energy due to bolt effects
The displacement of the steel plate at bolt k, if not restrained
by bolts, could be wk. The bolts apply a point load at the kth
bolt to the plate, which deflects the steel plate bywk, storing an
elastic energy in the plate as:
T =
m−
k=1
βkwk = {β}T [P0]T [α], (14)
where βk represents Lagrange coefficients, m is the number of
bolts and [P0] defines the plate displacement of the plate at bolt
kwith coordinate (xk, yk).
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Based on the principle of minimum potential energy, a
derivative of potential energyΠ which is given by Eq. (15) was
computed with respect to unknown coefficients, αij, leading
to a system of simultaneous equations. The elastic buckling
load of the system is computed by solving the obtained
eigenvalue equations. By substitution of the eigenvector into
the displacement function,w, the buckled shapes are obtained:∏
= [U] + [S] + [T ] − [W ] − [V ]. (15)
The contact area between the RC panel and the steel plate is not
known a priori, which makes the solution more complicated.
Therefore, a non-linearity is introduced into the system, which
necessitates an iterative approach for determination of the
contact area and also the solution. This iterative algorithm is
introduced as follows:
1. Compute the elements of the stiffness matrix [U], stability
matrix [V ] and concrete weight effect matrix [W ].
2. Solve the system of equations:
[U][∆] = [V ] + [W ] − [T ], (16)
where [∆] is eigenvector.
3. Assemble the contact matrix [S] based on the deformation
mode, activation or de-activation of the concrete foundation.
4. Reformulate the total system by:
[UTotal][∆] = [V ] + [W ] − [T ], (17)
where:
[UTotal] = [U] + [S]. (18)
5. Compare the eigenvalues (critical load) with the previous
iteration. If the convergence is satisfactory, then go to the
next step, otherwise, go to step 3.
6. Accept the eigenvector and the eigenvalue in the last
iteration.
7. Convergence study
A solution with satisfactory accuracy was obtained using a
displacement function represented by a polynomial of degree
9 in two directions and a maximum grid spacing of 25 by
25. According to the solution procedure, a plate without bolts,
simply supported at 4 edges and on a rigid foundation, was
modeled, solved, and compared with the findings of Smith
et al. [2,3]. The comparison for different cases is shown in
Table 2. The results showed good agreement with results
obtained from Smith et al. studies.
8. Buckling results
Stiffness, stability, weight and bolt effect matrices were
obtained for the steel plate by a computer code developed in
Matlab 7.04. The eigenvalues, which are buckling coefficients,
were computed by using these matrices and the process
mentioned in Section 6.
Numerical results for the plates with different dimensions,
and concrete panels with different thicknesses are presented
in Figure 3. The results indicated that buckling coefficients for
concrete foundations with different thicknesses were almost
the same. Foundation rigidity has a direct relationship with
the difference between unilateral and bilateral buckling. By
increasing the thickness of the concrete panel, the resultsFigure 3: Variations of elastic unilateral and bilateral buckling coefficients of
plates with different aspect ratios and foundation thicknesses without bolts.
inclined to the rigid foundation. The buckling coefficient can be
computed by:
kxy = Nxyb
π2D
, (19)
where Nxy is the shear force applied to the plate and b is the
width of the plate.
Since the concrete panel provides lateral constraint to the
steel plate in CSPSW, only unilateral buckling happens in
CSPSW. To form half-wavelengths in the unilateral buckling of
the steel plate in the vicinity of the concrete panel, a larger
force is necessary in comparison with bilateral buckling. The
numerical results for plates with different aspect ratios, which
are side-plated to the concrete panels with 7 and 10 cm
thicknesses and rigid foundations, are shown in Figures 4 and
5. Shear buckling coefficients for the plates with a different
number of bolts are shown in these figures aswell. By increasing
the number of bolts, the buckling coefficients increase. As
the number of bolts (more than 16) and a/b ratio increases,
the contact area of the foundation decreases. In the bilateral
buckling state for large a/b ratios, more waves with smaller
amplitudes are established in comparison with unilateral
waves, which in turn implies a lowered foundation effect for
more than 16 bolts. In fact, in order to change the established
bilateral buckling to a unilateral one, a smaller foundation
deformation is required, which proves the above conclusion.
Therefore, shear buckling coefficients change further as the a/b
ratio increases for 16 (and more) applied bolts.
Bilateral and unilateral buckling for plates with different
a/b ratios and without bolts are demonstrated in Figure 6. For
different a/b ratios considered in this research, the buckling
waves were formed unilaterally at one side. As a/b ratio
increases, the shear buckling coefficient decreases, because it
is easier for unilateral rather than bilateral buckling waves to
form at higher a/b ratios.
Unilateral and bilateral waves under shear force for plates
with 1, 4 and 36 bolts and different a/b ratios are shown
in Figures 7–9. In the bilateral buckling of the plate with a
fewer number of bolts, the range of out-of-plane deformations
is large for the governing buckling mode. As the number
of bolts increases, the displacement condition (out-of-plane
deformation) at the bolts equals zero, entailing a larger force
for the formation of bucklingwaves. As a result, elastic buckling
coefficients are increased.
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a/b 1 1.5 2
Thickness of RC t = 7
cm
t = 10
cm
Rigid
foundation
t = 7
cm
t = 10
cm
Rigid
foundation
t = 7
cm
t = 10
cm
Rigid foundation
Kxy
Refs. [2,3] Bilateral – – 9.325 – – 7.07 – – 6.546
Unilateral – – 9.355 – – 7.127 – – 6.72
Modeling Bilateral 9.352 9.352 9.352 7.135 7.135 7.135 6.549 6.549 6.549
Results Unilateral 9.395 9.423 9.534 7.23 7.332 7.436 6.453 6.632 6.913Figure 4: Variations of elastic unilateral and bilateral buckling coefficients in
terms of aspect ratio of plate with 7 and 10 cm thickness.
Figure 5: Variations of elastic unilateral and bilateral buckling coefficients in
terms of aspect ratio for different bolt numbers and rigid concrete panels.
9. Experimental study
Two (40 × 40 cm) CSPSWs were selected for determining
the buckling coefficients of steel plates under shear loading.
These two samples were chosen from 5 samples constructed
and tested under shear loading in the Structural Lab of Tarbiat
Modares University (Tehran, Iran). The specifications of these
samples are summarized in Table 3.
To apply lateral load, without any stress concentration, to
the samples in the experiment, using jacks a hinged steel frame
was constructed by I-beams, as shown in Figure 10. The samples
were placed inside the steel frame and loaded by jacks that
apply amaximum load of 100 tons to the frame. A gap of 1.2 cmFigure 6: Bilaterally and unilaterally buckled shapes of plates with various
aspect ratios and without bolts.
Figure 7: Bilaterally and unilaterally buckled shapes of plates with various
aspect ratios and 1 bolt.
Table 3: Specifications of two CSPSW samples.
Specification Sample 1 Sample 2
Concrete panel thickness (cm) 4 4
Bolt diameter (mm) 10 6
Bolt length (cm) 8 6
Number of bolts 1 4
Volumetric reinforcement ratio (r) 0.0025 0.0025
Steel plate thickness (mm) 2 2
Fy (kg/cm2) 6400 6400
Fu (kg/cm2) 8000 8000
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aspect ratios and 4 bolts.
Figure 9: Bilaterally and unilaterally buckled shapes for plates with various
aspect ratios and 36 bolts.
Figure 10: General setup for tests.
existed between the RCpanel and the steel frame to prevent any
contact between them (Figure 11).Figure 11: CSPSW with 1 bolt and 1.2 cm gap.
Figure 12: Unilateral buckled shape for sample 1 with 1 bolt.
The incremental load applied to the frame and also the
lateral deformation of samples were inspected and measured
as the experiment continued. As shown in Figures 12 and
13, the steel plate is buckled unilaterally. Also out-of-plane
deformation at the bolts is zero, and the buckling of half-
wavelengths occurs between the bolts or between the bolts and
the steel plate boundaries for both samples.
According to the bifurcation point, which is estimated by
visual inspection, the following results were measured for both
samples.
Ncr was 45.62 and 89.3 kN for samples 1 and 2, respectively.
For sample 1, kxy is 12.619, and 11.76 for the corresponding
theoretical model, with a discrepancy of 7.3%. For the second
sample, kxy is 24.7, and 21.95 for the corresponding theoretical
model with a discrepancy of 12.5%.
10. Conclusions
The buckling coefficients of plates installed in or on concrete
shear walls under shear loading were studied. The results
of theoretical and experimental analyses, which were carried
out on different shear walls with a different number of bolts,
and also shear wall and plate thicknesses were presented.
Theoretical results, based on the Rayleigh–Ritz method, are in
good agreement with experimental findings.
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Computation of the unilateral buckling shear load for
steel plates under medium-strong earthquakes was the main
objective of the present study. Analysis of the obtained results
led to the following conclusions:
1. Bucklingwaveswere formed between the bolts. The number
of unilateral waves increased by increasing the number of
bolts, which also increased the shear buckling coefficients.
2. The shear buckling of the plate was not sensitive to the
thickness of the concrete foundation.
3. The influence of the concrete foundation with a small
number of bolts was further highlighted, because the
interaction surface between the steel plate and the concrete
foundation was larger for the conversion of bilateral to
unilateral buckling.
4. It is easier to form unilateral buckling with larger a/b ratios.
To prevent the low order buckling of composite shear walls,
it is recommended that steel plates be square shaped.
5. In order to use the full capacity of the steel plate in the
CSPSW, the following condition must be met:
τcr = Ncrbt =
kcrπ2D
b2t
≤ τy = Fy√
3
, (20)
where, Fy is the yield stress of the steel plate. Therefore,
the estimated elastic buckling coefficients can be used for
determination of the number of bolts or the spacing between
them.
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